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Graph Invertibility and Median Eigenvalues 

Dong Ye*, Yujun Yang^, Bliolanath Mandal^ and Douglas J. Klein^ 


Abstract 

Let {G,w) be a weighted graph with a weight-function w : E{G) —>■ R\{0}. A weighted 
graph (G, w) is invertible to a new weighted graph if its adjacency matrix is invertible. A graph 
inverse has combinatorial interest and can be applied to bound median eigenvalues of a graph 
such as have physical meanings in Quatumn Chemistry. In this paper, we characterize the 
inverse of a weighted graph based on its Sachs subgraphs that are spanning subgraphs with only 
K 2 or cycles (or loops) as components. The characterization can be used to Hud the inverse of a 
weighted graph based on its structures instead of its adjacency matrix. If a graph has its spectra 
split about the origin, i.e., half of eigenvalues are positive and half of them are negative, then 
its median eigenvalues can be bounded by estimating the largest and smallest eigenvalues of its 
inverse. We characterize graphs with a unique Sachs subgraph and prove that these graphs has 
their spectra split about the origin if they have a perfect matching. As applications, we show 
that the median eigenvalues of stellated graphs of trees and corona graphs belong to different 
halves of the interval [—1,1]. 


1 Introduction 

In this paper, graphs may contain loops but no multiple edges. Let G be a graph with vertex set 
V{G) and edge set E{G). Its adjacency matrix A is defined as the ij-eniYy (A)y = 1 if ij S E{G) 
and (A)ij = 0 otherwise. Assume that Ai > A 2 > • • • > A„ where n = |Y(G)|, are the eigenvalues 
of A (also the eigenvalues of G). In Quantum Chemistry, the eigenvalues of a molecular graph have 
physical meanings. For example, the sum of absolute value of eigenvalues of a graph G, also called 
the energy of G m, is often equal to the total Hiickel rr-electron energy of the molecule represented 
by G. Also many physico-chemical parameters of molecules are determined by or are dependent upon 
the HOMO-LUMO gap Oil], which is often given as the difference between the median eigenvalues, 
A// — Xl, where E[ = [(n -b 1)/2J and L = |"(n -b l)/2]. 

Throughout the more traditional chemical literature, there has been extensive effort to deal with 
the HOMO-LUMO gap mostly in an explicit consideration of individual molecules case by case. 
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A few mathematical methods have been developed especially in the last decade to characterize 
the HOMO-LUMO gaps of graphs in a general manner [3 [121 (Ill [HI HQI |2T1 |22l [30] . Recently, 
Mohar introduced a graph partition method to bound the HOMO-LUMO gaps for subcubic graphs 
[201 EH Eg. However, not all graphs have these nice partition properties and a desired partition is 
hard to hnd, even for plane subcubic graphs [20] , 

It is well-known that the eigenvalues of a bipartite graph are symmetric about the origin. If 
the adjacency matrix A of a bipartite graph G is invertible, then the reciprocal of the maximum 
eigenvalue of A“^ is equal to the Xh of G and the reciprocal of the least eigenvalue of is equal 
to Al. Based on this fact, the invertibility of adjacency matrices of trees had been discussed in order 
to evaluate their HOMO-LUMO gaps [3 US] , and later the method has been extended to bipartite 
graphs with a unique perfect matching miss]- Besides the chemical interests, the invertibility 
of adjacency matrices of graphs is of independent interest as indicated in mm- For examples, 
the invertibility of adjacency matrices of graphs has connections to other interesting combinatorial 
topics such as Mobius inversion of partially ordered sets (see the treatment in Chapter 2 of Lovasz 

[17]) I3E5] and Motzkin numbers mm- 

Here, the aim of this paper is to extend this idea to graphs with more general settings. Note that, 
the eigenvalues of non-bipartite graphs are not symmetric about the origin. But, our methodology 
works when the eigenvalues of a graph evenly split about the origin, i.e., half of them are positive 
and half of them are negative. Another purpose of this paper is to discuss the invertibility of graphs. 
It is very clear when a matrix is invertible. But the inverse of an adjacency matrix of a graph is not 
necessarily an adjacency matrix of another graph. In fact, if the adjacency matrix A of a graph G 
is invertible and A“^ is an adjacency matrix of another simple graph, then G has to be the graph 
nK2 [H]. Godsil (3 defined an inverse of a bipartite graph G with a unique perfect matching to 
be a graph, denoted by G~^ with adjacency matrix diagonally similar to the inverse of adjacency 
matrix of G, i.e., the adjacency matrix of G~^ is DA“^1D> for some diagonal matrix D with entries I 
or —I on its diagonal, where A is the adjacency matrix of G (see also [II]). This definition uniquely 
dehnes the inverse of a graph. But the invertible graphs are still quite limited. In order to make a 
more encompassing definition of the inverse of a graph, McLeman and McNicholas |I9j defined that 
a graph Gi is an inverse of a graph G 2 if A is an eigenvalue of Gi if and only if 1/A is an eigenvalue 
of G 2 . But the inverses of a graph defined by McLeman and McNicholas are not always unique 
because there exist cospectral invertible graphs (see Figure El cf. [8]). Based on these two different 
definitions, the invertibility of bipartite graphs with unique perfect matching has been discussed in 
[31I11I1E5]. However, their methods can not be easily used for non-bipartite graphs. In these 
papers, the authors seek to deal with signs in the computation of the inverse of the adjacency matrix 
of the original graph. In order to avoid the special treatment of signs, we here modify the definition 
of graph inverse to weighted graphs, with signs allowed on the weights. The modified dehnition can 
uniquely and broadly define the inverse for graphs. 

A weighted graph {G,w) is a graph with a weight function w : E{G) —R\{0}. The adjacency 
matrix of a weighted graph, denoted by A, is defined as 


(A)y 


w{ij) iiijeE{G)-, 
0 otherwise 
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Figure [TJ The smallest cospectral invertible graphs. 


where loops, with w{ii) ^ 0, are allowed. A weighted graph (G, w) is invertible if its adjacency 
matrix has an inverse that is also an adjacency matrix of a weighted graph. 

A graph can be treated as a weighted graph with the constant weight function w : E{G) 1. 
Another important family of weighted graphs is signed graphs. A signed graph (G, cr) is a weighted 
graph with a weight function a : E{G) {—1, +1}, where a is called the signature of G (see [27)1. 
Two signatures of a graph G are equivalent to each other if one can be obtained from the other by 
changing the signatures of all edges in an edge-cut of G. A signed graph is balanced if it is equivalent 
to a graph. In Godsil’s definition, a bipartite graph with a unique perfect matching is invertible if 
its inverse is a balanced signed graph. Signed graphs have extensive applications in combinatorics 
and matroid theory [28) . For more details and interesting problems on signed graphs, one may refer 
to the survey of Zaslavsky [52]. 

A Sachs subgraph is a spanning subgraph with only K 2 or cycles (including loops) as components. 
In this paper, we investigate the invertibility of weighted graphs and characterize their inverses based 
on Sachs subgraphs. A characterization of graphs with a unique Sachs subgraph is obtained. For 
signed graphs with a unique Sachs subgraph, we show that their spectra split about the origin if 
they have a perfect matching. As applications, we show that the median eigenvalues of stellated 
graphs of trees and corona graphs belong to the interval [—1,1]. 

2 Inverses of weighted graphs 

Let (G, w) be a weighted graph. The following is a straight-forward proposition that establishes 
the equivalent relation between the invertibility of weighted graphs and the invertibility of real 
symmetric matrices. 

Proposition 2.1. Let (G, w) be a weighted graph with adjacency matrix A. Then (G, w) is invertible 
if and only */det(A) ^ 0, and the inverse of an invertible weighted graph {G,w) is unique. 

Proof. Let {G,w) be a weighted graph. Then det(A) ^ 0 if and only if then A has an inverse A“^. 
Note that (A”^)''' = (A^j'^ = A“^. Hence A“^ is a symmetric matrix, which is corresponding to a 
weighted graph. Note that, A“^ is unique. So the the inverse of {G,w) is unique. The proposition 
follows. □ 

The adjacency matrix A of a weighted graph (G,w) is a linear transformation from the vector 
space R” to itself. If (G, w) is invertible, then A is full rank. In other words, all column vectors 
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of A for i € F(G) form a basis of M". 

Throughout the paper, we always use (A)y to denote the (i, j)-entry of the matrix A, and A(y) 
to denote the submatrix of A by deleting the i-th row and the j-th column. 

A subgraph H oi a. graph G is spanning iiV{H) = V{G). A weighted graph {H,wh) is a 
subgraph of {G,w), if i? is a subgraph of G and w_y(e) = w{e) for any e G E{H) C E{G). The 
weight of a subgraph H is defined as w{H) = Y\f.fzE{H) ^ spanning subgraph S is called a 

Sachs subgraph of G if every component of S is either K 2 or a cycle (including loops). For a Sachs 
subgraph S, denote the set of all cycles of S by C, the set of all loops of S' by L and the set of all 
K 2 's of S by M which is a matching of G. So a Sachs subgraph consists of three parts: cycles, loops 
and a matching. In the rest of the paper, we also denote a Sachs subgraph as S = C U M U L. The 
determinant of adjacency matrix of a graph can be represented by its Sachs subgraphs as follows. 

Theorem 2.2 lHararv.|10jl. Let G be a simple graph and A the adjacency matrix. Then 

det(A)=^2l^l(-l)l^l+l^(^)l, 

s 

where S = CU M is a Sachs subgraph. 

The following result extends Theorem 12.21 to weighted graphs {G,w) which may contain loops. 

Theorem 2.3. Let {G,w) be a weighted graph and A the adjacency matrix. Then 

det(A) = ^ 2^^^w{C U L) 

s 

where S = CUMULisa Sachs subgraph. 

Proof. By the definition of determinant, 

det(A) = E sgn(7r) (A)j 7 ,.pj, 
iev(G) 

where tt is a permutation on V (G) = {1, 2,.., n}. A permutation -k on V (G) contributing to det(A) 
corresponds to a Sachs subgraph S': a cycle of tt with length k ^ {1,2} corresponds to a cycle of G 
with length k , a cycle of tt of length 1 (fixing a vertex) corresponds to a loop of G, and a cycle of 
length 2 corresponds to an edge (or K 2 ). Hence, 

sgn(7r) Y[ (A)i^(i) = w(G) • ^ 11 

(G) CgC {i)^7T 

But a Sachs subgraph S = C U M U L corresponds to 2^^^ permutations because for each cycle 
G = ■ ■ 'ik (k > 3), there are two different corresponding cyclic permutations (li *2 ■ ■ ■ik) and 

{iiikik-i ■ ■ ■ * 3 * 2 )- So, 

det(A) = sgn(7r) n (A) i7r(i) 

TT iGViG) 

= 2^^^w{C U L) wyM)(-l)l^l+l^l+l^(‘^)l. 

s 

This completes the proof. □ 
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For some special weighted graphs, the formula in Theorem 12.31 can be simplified. For example, 
via the following corollary. 

Corollary 2.4. Let (G, a) be a signed simple graph with a unique Sachs subgraph. If G has a perfect 
matching M, then det(A) = (— where A is the adjacency matrix of (G^a). 

Proof. Note that, a perfect matching is a Sachs subgraph. Since (G^a) is simple and has a unique 
Sachs subgraph, it follows that the unique Sachs subgraph of G is the perfect matching M. By 
Theorem 12.31 and the fact that C = 0 and L = 0, 

det(A) = 2l‘^lcr(C U 

s 

Note that cr : E{G) —>• {—1,1}. So a'^{M) = 1. Further, det(A) = (—1)1^1. □ 

Let (G, ui) be an invertible weighted graph. The next result characterizes the inverse of {G,w). 
Theorem 2.5. Let {G,w) be a weighted graph with adjacency matrix K, and 


Vij = {P\P is a path joining i and j ^ i such that G — V(P) has a Sachs subgraph S'}. 


If {G,w) has an inverse (G ^), then 

f s (“(-pki: w(CUL) w^{M) ifi^j; 

w-\ij) = J ^ ^6^0 s 

i det(A) otherwise 

where S = C\JMVJL is a Sachs subgraph of G — V (P). 

Proof. Since (G, w) is invertible, A“^ exists and is an adjacency matrix of {G~^,w~^). According 
to the definition of the inverse of a weighted graph, w~^{ij) = (A”^)^. 

By Proposition 12.II and Cramer’s rule. 


(A = (A 


det(A) 


where Cij = (—det(A(y)). Let be the matrix obtained from A by replacing the 
entry by 1 and all other entries in the f-th row and j-th column by 0. Then by Laplace expansion, 

Cij = det(Mi_j) 

If i = j, then det(Mi_i) = det(A(ii)). So w~^{ii) = det(A(ii))/ det(A). So in the following, assume 
that i ^ j. 

Since all (f, fc)-entries {k j) of are equal to 0 and its (i,})-entry is 1, only permutations 
taking i to j contribute to the the determinant of ^. Let Lii^j be the family of all permutations 
onV{G) = {1, 2,..., nj taking i to }. Denote the cycle of tt permuting f to j by Tr^. For convenience, 
TTij is also used to denote the set of vertices which corresponds to the elements in the permutation 
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cycle TTij, for example, V{G)\'Kij denotes the set of vertices in V(G) but not in tt^-. Denote the 
permutation of tt restricted on V{G)\Kij by Tr\Kij. Then 

det(Mi^j) = ^ sgn(7r) w{kTT{k)) 

= (sgn(7rij) w{kTr{k))) (sgn(7r\7ry) w{kTr{k))) 

k^7Tij\{i} kGV(G)\7Tij 

TreHi^j 

PGPij s 

This completes the proof. □ 

In the above theorem, det(A(jj)) can be represented by a formula in terms of all Sachs subgraphs 
of the subgraph (G — i, w) obtained from (G, w) by deleting the vertex i and any incident loop and 
edges as given in Theorem 12.31 A weighted graph (G, w) is simply invertible or has a simple inverse 
if its inverse is a weighted simple graph (i.e., without loops). The following proposition is a direct 
corollary of Proposition 12.11 and Theorem 12.51 

Proposition 2.6. A weighted graph {G,w) is simply invertible if and only if for every vertex i, 
(G — i, vf) is not invertible. 

The following proposition shows that an invertible simple weighted bipartite graph is always 
simply invertible. 

Proposition 2.7. Every invertible simple weighted bipartite graph is simply invertible. 

Proof. Let (G, w) be an invertible weighted graph such that G is simple and bipartite. Then det(A) ^ 
0 where A is the adjacency matrix of (G, w). So (G, w) has at least one Sachs subgraph S = CUMUL. 
Further, L = 0 because G is simple. So a simple bipartite graph with a Sachs subgraph has 
even number of vertices. For every vertex i G I^(G), (G — i,w) has no Sachs subgraph because 
G — J is bipartite and has odd number of vertices. So (G — i,w) is not invertible. It follows from 
Proposition 12.61 that {G,w) is simply invertible. □ 

The inverses of simple bipartite graphs with a unique Sachs subgraph (i.e., a unique perfect 
matching) have been discussed in [Ml [191 El] . In the next section, we consider the inverse of signed 
graphs with a unique Sachs subgraph and extend results in naiiaisi] for non-bipartite graphs. 

3 Signed graphs with a unique Sachs subgraph 

Let (G, a) be a signed graph. If (G, a) has a unique Sachs subgraph, then the determinant of its 
adjacency matrix is not zero by Theorem 12.31 By Proposition 12.11 a signed graph with a unique 
Sachs subgraph is always invertible. In this section, we study properties of the inverse of signed 
graphs (G,cr). 
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Before proceeding to our results, we need some definitions. Let G be a graph and M a matching 
G. A cycle of G is M-alternating if the edges of G alternate between M and E{G)\M. So an 
M-alternating cycle is always of even size. A path P (or a cycle G) of G is M-alternating if all 
vertices of P (or G) are covered by M and the edges of P (or G) alternate between M and E{G)\M. 
Let G have a Sachs subgraph S' = CUMUL. IfC contains a cycle of even size, then the edges of the 
cycle can be partitioned into two disjoint matchings. Replacing the cycle in S by any one of these 
two matchings generates another Sachs subgraph of G. If S' is a unique Sachs subgraph of G, then 
every cycle in C is of odd size. This fact we use repeatedly in the proof of the following result which 
characterizes all simple graphs with a unique Sachs subgraph. A family T) of cycles is independent 
if there is no edge joining vertices from two different cycles in X>. 

Theorem 3.1. A simple graph G has a unique Sachs subgraph if and only if G can be reduced to a 
family of independent odd cycles by repeatedly deleting pendant edges together with their end-vertices. 

Proof. Sufficiency: Let G be a simple graph which can be reduced to a family of independent odd 
cycles by repeating the deletion of pendent edges together with their end-vertices. Let M be the set 
of all edges of G deleted in the process and C be the set of remaining odd cycles. Clearly, C U M is 
a Sachs subgraph. On the other hand, for any Sachs subgraph S' of G, M C S'. Since C is the set of 
independent odd cycles, CCS. So S = C U M. Hence G has a unique Sachs subgraph. 

Necessary: Assume that G has a unique Sachs subgraph S = C U M U L. Then L = 0 because 
G is simple. If G consists of a family of independent odd cycles, then we are done. Without loss 
of generality, we may assume that G is connected but not an odd cycle. First, we establish the 
following: 

Claim: G has a pendant edge. 

Proof of Claim: Suppose on the contrary that G does not have a pendant edge. 

First, suppose that C = 0. Then S' is a perfect matching of G. Choose a longest S-alternating 
path P (edges of P alternate between S and E{G)\S). Let x and y be the end-vertices of P and 
xx',yy' C E{P) fl S. Since P is a longest path and G has no pendant edges, both x and y have 
respective neighbors a;+ and y'^ in V[P)\{xfy'}. Let Cx := xx'Px^x be the cycle traveling from 
X to x'^ through the path P then returning to x through the edge x~^x. Similarly, Gy := yy'Py'^y. 
If Cx has even size, then the symmetric difference E{Cx) © S is another perfect matching of G, a 
contradiction to G having a unique Sachs subgraph. Hence Cx is of odd size. So is Gy. 



X X' y* y' y X x' y* X" y’ y 

Figure [21 The unique Sachs subgraph S' is a perfect matching. 


If Cx n Gy = 0, then P — V{Cx U Gy) has an even number of vertices and hence has a perfect 
matching M' (see Figure|2l Left). So {S\E{P)) U {Cx, Gy} U M' is another Sachs subgraph of G, a 
contradiction. So, Cx C Gy 7 ^ 0 (see Figure [H Right). Let G := xPy^yPx'^x. Since both Cx and 
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Cy have odd sizes, it follows that C is an M-alternating cycle of G. Hence the symmetric difference 
E{C) © S' is another perfect matching of G, contradicting that G has a unique Sachs subgraph. 

So in the following, assume that C ^ Note that every cycle of C has odd sizes. Let G € C. 
Recall that S = C U M. Let a: be a vertex of G and P be a longest path starting at x such that the 
edges of P are alternating between E(G)\M and M. 



Figure [3l The unique Sachs subgraph S contains a cycle G. 


If another end vertex y of P is not covered by the matching M, then y is contained in a cycle 
C of C. If G' ^ G, then the graph consisting of G, G' and the path P has a perfect matching, 
denoted by M' (see Figured Left). So G has another Sachs subgraph obtained from S by replacing 
G, G' and the edges in P' n M by M', a contradiction. So assume that G = G', then x,y € V{G). 
Since G is of odd size, there is a path P' of G connecting x and y with an odd number of vertices. 
Then P' U P is an odd cycle and G — V (P') is a path with an even number of vertices. So G has 
another Sachs subgraph consisting of SydG} U P(P)), the cycle P' U P and a perfect matching of 
C — V{P'), again a contradiction. 

So assume that y is covered by the matching M (see Figure [Sj Right). Since G has no pendant 
edges, y has another neighbor y' in P. By the same argument as above, the cycle G' := y'Pyy' 
consisting of the segment of P from y' to y and the edge yy' is of odd size. Let G' = G U P. Then 
G' — V{C') has a perfect matching, denoted by M'. So G has another Sachs subgraph obtained 
from S by replacing G and P fl M by G' and M', a contradiction. This contradiction completes the 
proof of our Claim. □ 

Now by our Claim, G has a pendant edge e. Deleting the edge e together with its end vertices 
generates a subgraph Gi of G which still has a unique Sachs subgraph. Applying the claim on Gi, 
then either Gi also contains a pendant edge or else Gi is a family of independent odd cycles. If the 
former holds, delete the pendant edge together with its end-vertices. We continue this process until 
there is no pendant edge left. Then the remaining graph consists of independent odd cycles. This 
completes the proof. □ 

If G is a bipartite graph with a unique Sachs subgraph, then G does not contain odd cycles and 
hence contains a pendant edge by Theorem l3.ll So we have the following corollary. 

Corollary 3.2 f[25]. cf.|18)l. A bipartite graph with a unique perfect matching has a pendant edge. 

For signed graphs with a unique Sachs subgraph, the simply invertible property implies that the 
inverse weight function is integral (also call integral inverse) as described in the following theorem, 
which also generalizes and extends Theorem 2.1 in |19| for bipartite graphs with a unique perfect 
matching. 





Theorem 3.3. Let (G, a) be a simple signed graph with a unique Sachs subgraph S. Then: 

(1) (G,ct) has an integral inverse if and only if S is a perfect matching; 

(2) if (G, a) has a simple inverse, then S is a perfect matching. 

Proof. Let S = CL)MULhe the unique Sachs subgraph of (G, cr). Since (G, w) is simple, L = 0. 
Then by Theorem 12.31 it follows that 

det(A) = cr(C)cr^(M)2l^l(-l)l‘^l+l^(‘^)l = cr(C)2l‘^l(-l)l‘^l+l^('^)l. 

Note that every cycle in C is of odd size. 

(1) First, assume that S' is a perfect matching. Then C = 0 and hence det(A) = (—1)1^1. By 
Theorem 12.51 {G,a) has an integral inverse. 

For the other direction, assume that (G, a) has an integral inverse. Suppose on the contrary 
that C 7 ^ 0. Let G be a cycle of C. Then G is of odd size. Note that, for any vertex i G V{C), G 
has a maximum matching Me which covers all vertices of G except i. By Theorem 13.11 the graph 
G — i, obtained from G by deleting the vertex i, still has a unique Sachs subgraph S'. Note that S 
contains one more cycle (the cycle G) than S'. By Theorem l2.51 |(A“^)ii| = 1/2, which contradicts 
that (G, (t) has an integral inverse. 

(2) It suffices to show that C = 0. If not, let C £ C. Then G is an odd cycle. Let i be a vertex 

of G. By a similar argument as above, we have ^ 0. So the inverse of (G, cr) is not simple, 

a contradiction. This completes the proof. □ 

Remark. The other direction of (2) in the above theorem does not always hold. For example, the 
graph G in Figure H) G — w is invertible because G — w has a unique Sachs subgraph. 



Figure m The graph G with a unique perfect matching but without simple inverse. 


In the following, we consider two important families of graphs, one is called stellated graphs 
[I31E6] and the other is called corona graphs [19]. Let G be a graph. The stellated graph of G, 
denoted by st(G), is the line graph of the subdivision of G obtained from G by subdividing every 
edge once (see Figure E]). The stellated graph of G is also called inflated graph ji] or para-line graph 
of G [24]. A graph G is called a stellated graph if G = st{H) for some graph H. The spectrum of 
stellated graphs (or para-line graphs) have been studied in [24]. For chemical applications of the 
stellated graphs of trees, refer to m- 

Lemma 3.4. Let G be a connected simple graph with at least one edge. Then its stellated graph 
st{G) has a perfect matching, and st(G) has a unique perfect matching if and only if G is a tree. 
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Figure m The graph iFi^ (left) and its stellated graph st{Ki^ 4 ) (right). 


Proof. Let G be a connected simple graph with at least one edge, and st(G) the stellated graph of G. 
For a vertex v of G, assume its degree is d{v). Let Ey = {ei, 62 , ed{v)} be the set of edges incident 
with V. Then st(G) can be treated as a graph obtained from G by replacing every vertex u by a 
clique consisting of ui, U 2 , Vd(v) such that for an edge uv G E{G), joining Vi and Uj if uv = ei € Ey 
and uv = e' G Ey So M = {viUj\viUj G E[si{G)) and uv G E{G)} is a perfect matching of st(G) 
(for example thick edges in st(ftri, 4 ) in Figured]). 

On the other hand, G is obtained from st(G) by contracting these maximal clique to a vertex of 
G. Let M be a perfect matching of st(G). Note that an M-alternating cycle of st(G) corresponds to 
a cycle of G. So st(G) has a unique perfect matching M if and only if st(G) has no M-alternating 
cycles. Hence G has no cycles. So G is a tree. □ 


By Lemma r3.41 a stellated graph without isolated vertices always has a perfect matching. So if 
a stellated graph has a unique Sachs subgraph, then it has a unique perfect matching. On the other 
hand, if a stellated graph has a unique perfect matching, then it is a stellated graph of a tree and 
hence has a unique Sachs subgraph. Let T be a tree. For any two vertices of T, there is exactly one 
path joining them. For any two vertices i and j of st(T), there is at most one M-alternating path P 
joining i and j because P/{E{P)\M) is a path in T. If i and j are joined by an M-alternating path 
Pij, let T{i,j) := \E{Pij)\M\. Now, we proceed to consider the inverse of signed stellated graphs 
with a unique Sachs subgraph (equivalently, a unique perfect matching). 



o-—o 


. 0 . 


o 


c- 


o 


6 " 


Figure| 6 j The stellated graph Ki ^4 (left) and its inverse (right): dashed edges has weight —1, solid 
edges have weight 1 , and thick edges form a perfect matching. 
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Theorem 3.5. Let (G, a) be a signed stellated graph with a unique perfect matching M. Then (G, a) 
has an inverse (G“^,ct“^) which is a signed graph such that, for any two vertices i and j, 

(1) ij G E{G~^) if and only if there is an M-alternating path Pij joining i and j in (G,ct); and 

(2) a-\i3) = 

Proof. Let (G, a) be a signed stellated graph with a unique perfect matching. By the above argu¬ 
ment, M is the unique Sachs subgraph of (G, a). Let A be the adjacency matrix of (G, a). Then by 
Corollarv l2.41 det(A) = (—Hence {G,a) has inverse (G“^,cr“^). 

By Lemma 13.41 G is the stellated graph of a tree T. So every cycle G of G is contained in a 
maximal clique corresponding to a vertex of T. Note that G — V(C) has at least |G| components 
each without a perfect matching. Hence, for any vertex i of G, a Sachs subgraph of G — i contains 
no cycles and hence is a perfect matching. However, G — i has an odd number of vertices. Hence 
G — i has no Sachs subgraph. So (G“^, cr“^) is simple. 

Let P be a path joining two vertices i and j. Then G — V{P) has a Sachs subgraph if and only 
if P is an M-alternating path. By Theorem l2.51 (A“^)ij 7 ^ 0 if and only if there is an M-alternating 
path joining i and j. It follows immediately that i and j are adjacent in G~^ if and only if there is 
an M-alternating path Pij joining them. 

Note that, for any two vertices i and j of G, there is at most one M-alternating path Pij joining 
i and j. So if ij € E{G~^), by Theorem 12.51 a~^{ij) = {K~^)ij = a{Pij){—lY^'^'^\ This completes 
the proof. □ 

The corona of a graph iJ is a graph G obtained from El by adding a neighbor of degree 1 to 
each vertex of H ('[25)1. A graph G is a corona graph if it is the corona of some graph. A corona 
graph has an even number of vertices and half of them have degree 1. So a corona graph has a 
unique Sachs subgraph that is a perfect matching. The inverse of a bipartite corona graph has been 
discussed in [Diiiiin]. A weighted graph {G,w) is self-invertible if it has an inverse (G ^,w 
such that G~^ is isomorphic to G. Note that, their weight-functions w and w~^ may be different. 
Based on Godsil’s definition of inverse, Simoin and Cao [IS] show that if G is a bipartite graph with 
a unique perfect matching M such that G/M is bipartite, then G is self-invertible if and only if G 
is isomorphic to a bipartite corona graph (see also m)- The self-invertibility of a corona bipartite 
graphs is also verihed for McLeman-McNicholas’s definition [19]. This result is partially generalized 
to non-bipartite signed graphs as follows. 

Theorem 3.6. Let (GjCr) be a simple signed corona graph. Then {G,a) is self-invertible. 

Proof. Let V{G) = {ui, U 2 ,..., ui, M 2 j Wn} such that dciui) = 1 and ViUi G E{G). Then G has 
a unique Sachs subgraph which is a perfect matching M = {viUi\0 < i < n}. Let A be the adjacency 
matrix of (G, cr). Then det(A) = (—by Corollary 12.41 So (G, cr) has inverse {G~^,a~^). 

Let Pxy be a path joining two vertices x and y of G. Since G is a simple corona graph, G — V{Pxy) 
has a Sachs subgraph if and only if, for each Vi G V{Pxy), we have Ui G V{Pxy). It follows 
immediately that xy = UiVi, or x = Ui, y = Uj and Pxy = UiViVjUj for some i and j. By Theorem l2.51 
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for any two vertices x,y G V{G ^), it follows that a ^{xy) = (A ^)xy = Hence, 

{ a{xy) if xy = UiVi] 

-(y{PuiUj) if xy = UiUj where = UiViVjUf, 

0 otherwise. 

So is a simple signed graph. In G~^, dQ-i{vi) = 1, ViUi S E{G), and UiUj S E{G~^) if 

and only if ViVj e E{G). So the mapping cj) : V{G) V{G~^) that ip{ui) = Vi and = Ui is an 
isomorphism between G and G~^. Hence (G,a) is self-invertible. □ 


4 Eigenvalues 

Let (G,w) be a weighted graph with n vertices. Assume that \i(G,w) > X 2 {G,w) > ■■■Xn{G,w) 
are all eigenvalues of {G,w). The spectrum of {G,w) is the family of all eigenvalues. The spectrum 
of {G,w) splits about the origin if it has half positive eigenvalues and half negative eigenvalues. 
Let H = [{n + 1)/2J and L = \{n + l)/2]. The median eigenvalues are Xh{G,w) and Xl{G,w). 
If the spectrum of {G,w) splits about the origin, then A//(G,re) > 0 > Xl{G,w). Many graphs 
representing stable molecules have a spectrum split about the origin. In [13] , it has been shown that 
the spectrum of the stellated graph of a tree splits about the origin. 

Proposition 4.1. Let {G,w) be an invertible graph and {G~^,w~^) be its inverse. If the spectrum of 
{G,w) splits about the origin, so does the spectrum of {G~^,w~^) and Xh{G,w) = 1/Xi{G~^,w~^) 
and Xl{G,w) = l/XniG~^,w~^). 

Proof. Since {G,w) is invertible, its adjacency matrix A has inverse A“^ which is the adjacency 
matrix of (G“^, Note that, A is an eigenvalue of A if and only if I/A is an eigenvalue of A“^. 

Since the spectrum of (G, w) splits about the origin, then the proposition follows. □ 

For non-weighted graphs G, it is well-known that G is bipartite if and only if the spectrum of 
G is symmetric about the origin. But for a weighted graph, one direction is necessarily but not the 
other. 


Proposition 4.2. Let {G,w) be a weighted simple bipartite graph. Then the spectrum of {G,w) is 
symmetric about the origin. 


Proof. Since {G,w) is a weighted simple bipartite graph, then its adjacency matrix A = 


0 B 
HT 0 


Let A be an eigenvalue of A, and x = 


eigenvalue of A with eigenvector 


an eigenvector of A. It is easily seen that —A is an 


□ 


Remark. The other direction of the above proposition holds if w is a positive function. If w is 
not positive, then it is not always true. For example, the weighted graph (G, w) in Figure [7] with 
w{e) = I if e is an edge of the triangle 1231 and —1 otherwise: if A is an eigenvalue of {G,w) 
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Figure [T] A non-bipartite weighted graph (G,w) which has spectrum symmetric about the origin. 


with eigenvector x = [xi,a; 2 ,X 3 , 2 : 4 ,Xs]’’’, then —A is also an eigenvalue of {G,w) with eigenvector 
x' = [x^,Xi,X^,X2,XlY. 

Theorem 4.3. Let {G,a) be a signed graph with a perfect matching M. If for any weight-function 
w : E(G) I = [—1,1] such that w{e) € { — 1,1} for every e € M, {G,w) is invertible, then the 
spectrum of (G, a) splits about the origin. 


Proof. Let {G,w) be a weighted graph and w : E{G) —>■ [—1,1] be a weight-function such that 
w{e) G { — 1,1} for e G M. Let A be the adjacency matrix of {G,w). 

Since {G,w) is invertible, so is A. Hence det(A) Y 0- Let Aq be the adjacency matrix of {G,wo) 
such that wo{e) = 0 if e G E{G)\M and w;o(e) G (—1,1} if e G M. Then Aq is the adjacency matrix 
of M, an invertible bipartite graph, whose spectrum is symmetric about the origin and not equal to 
0 by Proposition [4^ 

Let A('u;) be an eigenvalue of A and x be an eigenvector of A(w). Then 


X{w) 


(Ax, x) 
(x,x) ■ 


Hence X{w) is a function of w, which is continuous on [—1,1]. Since det(A) Y 0; it follows that 
(Ax,x) Y 0. Hence X{w) Y 0- So for any w : A(G) —>■ [—1,1], X{w) has the same sign. Let 
a{e) —>■ { — 1,1} for any e G E{G). Then A(cr)A(ico) > 0. Hence the spectrum of (G,cr) splits about 
the origin. □ 


Theorem 4.4. Let (G, a) be a signed graph with a unique Sachs subgraph. If G has a perfect 
matching M, then the spectrum of (G, a) splits about the origin. 

Proof. Consider (G, w) where w : E{G) [—1,1] such that w : M ^ ( — 1) !}• Since G has a unique 
Sachs subgraph which is a perfect matching M, by Corollarv l2.41 we have 

det(A) = (-1)1^1. 

Hence (G, w) is invertible. By the above theorem, the spectrum of (G, w) splits about the origin. 
So does the spectrum of (G, a). □ 


Since both a stellated graph without isolated vertices and a corona graph have a perfect matching, 
the following results are direct corollaries of Theorem 14.41 

Corollary 4.5. Let G be a stellated graph with a unique Sachs subgraph. Then the spectrum of G 
splits about the origin if G does not contain an isolated vertex. 

Corollary 4.6. The spectrum of a corona graph splits about the origin. 
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5 Median eigenvalues 


Let G be a graph and Ai > A 2 > > An, the eigenvalues of G. The difference of median 

eigenvalues A = Xh — Al in chemistry is called the HOMO-LUMO gap of the neutral pi-network 
molecule corresponding the graph G, so that A is also called the HOMO-LUMO gap of G [ 3 . A 
graph G is a special signed graph (G, ct) such that cr : E{G) —>■ {!}. So all results above can be 
applied to graphs as special cases. 

Let A be the adjacency matrix of G. Dehne x : ^(G) —)• M such that x{i) = Xi, and let 
X = {xi,X 2 , ...,Xny & R" where. Then by Rayleigh-Ritz quotient, 


Ai(G,a) 


max 

xeR" 


(Ax, x) 
(x,x) 


max 


II ^11 


and 


An(G,a) 


= min 
xGR" 


(Ax, x) 
(x,x) 


min 


(A) XiXj 

II a; II 


Theorem 5.1. Let G be a stellated graph of a tree with at least two vertiees. Then —1 < Xl{G) < 
0 < Xh{G) < 1. 

Proof. Let G be a stellated graph of a tree T. By Lemma [SHI then G has a unique perfect matching 
M. Hence G has an inverse which is a signed graph (G“^, a) by Theorem l3.5l By Corollary 14.51 we 
have Xl{G) < 0 < Xh{G). In order to show Xh{G) < 1 and Al(G) > —1, it suffices to show that 
Ai(G“^,tT) > 1 and A„(G“^, cr) < —1 by Proposition 14.11 

Assume that T has k leaves with degree sequences as 1 = di = • • • = dfc < dk+i < • • • dt-i < dt- 
Then in G, each vertex vi of T with degree di is replaced by a clique with size di, denoted by Kd^. 

Let i and j be two vertices of G. By Theorem 13.51 ij € E{G~^) if and only if there is an M- 
alternating path Pij joining them, and a{ij) = (—. If ij g M, then a{ij) = 1 that implies 
that M is also a perfect matching of G~^. If i and j satisfies that ii',jj' € M and i'j' € E{Kdi) for 
some £, then i'ijj' is the only one M-alternating path of G joining i' and j'. Hence ij G E(G~^) 
and cr(ij) = (—= —1. Hence, G~^ has a clique corresponding to Kdf consisting of 
vertices in JV(V(EdJ) and every edge in AT^. has weight —1. For example, see FigureEJ two cliques 
of order 4 illustrated in dashed lines. 

First, we show that Ai(G“^, ct) > 1. Let Q be the graph obtained from (G“^, ct) by contradicting 
all edges of M which have positive signature. For any ordering of the vertices of Q: qi,q 2 , - ■ ■ ,qi, 
let E{qa) := {q-yqalq-yCIa G E{Q) and 7 < a}. Assign a weight x{qa) G {—1,1} to each vertex q^ 
such that 

x{q-f)a{q-fqa)x{qa) > 0 . 

q-,qc,eE{qc) 

The weight-function always exists because we can adjust the sign of x{qa) to change the above 
inequality. Hence, Q has a weight-function x : V{Q) (—1,1} such that 

x{q-f)a{q-fqa)x{qa) > 0 . 

979c eS(Q) 
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Figure m A stellated graph of a tree (left: thick lines form a perfect matching) and its inverse 
(right: dashed lines have weight —1 and others have weight 1). 


Let G V{G~^) and ij G M. Assume that ij is contracted to a vertex in Q. Now, extend the 
weight-function x to V{G~^) such that x{i) = x{j) = x{qa), and define the vector x : V{G~^) —>■ 
{ — 1,1}" such that Xi = x{i). Let A be the adjacency matrix of {G~^,a). Note that E{G~^) = 
E{Q) U M. Then it follows that 


lx, x) — 2 ^ ( (A)jjXjXj — 2 ^ ( i^h^ijXiXj “1“ 2 ^ ( (^E^-ijXiXj 

ijeE{G-^) ijeE{Q) ijGM 

= 2 ^ Xia{ij)xj + 2 ^ Xia{ij)xj 

ij^M 

> 2|M|. 


Further, 


Ai(G-\a) > 


2 X]y6£;(G-i) 2\M\ 


> 


= 1 . 


.. ^ II \V{G)\ 

In the following, we concentrate on the upper bound for A„(G“^,cr). Let Ep be the set of 
all pendant edges (incident with a degree-1 vertex). Then Ep C M. So for any edge ij G Ep, 
= 1. Let R be the graph obtained from G~^ by contracting all edges in Ep and all cliques 
ioi k + \ < i < n. By a similar argument as above, R has a weight-function x : V{R) { — 1,1} 
such that 

x{r~f)a{r^ra)x{ra) < 0 , 

rryrot^E{R) 

where r^, Xa are vertices of R. Now, define the vector x such that Xi = x(ra) ifi G V (K'^), and then 
Xj = —Xi if ij G Ep and i G V{K'^). Note that E{G~^) = E{R) U (U'^('^a)) U Ap. So 

(Ax,x) = 2 {A)ijXiXj 

zjeE(G-^) 

= 2 ^iG)x^XJ+2 H a{ij)xiXj + 2 E a{ij)xi2 

ijGE{R) dfc+i<a<dt ij€Ep 

<2 Y. E (-l)-2|Ap| 

dk+i<a<dt ij£E{K'^) 

'’dt' 


= -2 E 


k+l<l<t 


-2|f;p|. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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Hence, 


(5) 


Xn{G-\a) < 


‘^J2k+i<e<t { 2 ) 2|i?p| 


< 


\ViG)\ 


Since a vertex of G~^ is either a pendent vertex or contained in K'^ for some a, it follows that 
‘^J2k<i<t {^ 2 ) 2|i^p| > |T^(G“^)| and equality holds if and only if G is K 2 . So A„(G“^,cr) < —1. 

This completes the proof. □ 


Remark. For some specific trees, a better bound for HOMO-LUMO gap of their stellated graphs 
could be obtained by the method used in the above proof. For example, the alkanes, trees with 
only degree-1 vertices and degree-4 vertices. If G is a stellated graph of an alkane, then dk+i = 
• ■ • = dt = 4 and hence = 6. On the other hand, by degree condition, it is easily deduced that 
k = (2|F(G)| — 2)/3 and t — k = (|F(G)| -I- 2)/3. So, by Inequality (5), A„(G“^, cr) < —2(6(1 — fc) -|- 
2k)/\V{G)\ < —10/3. Hence the HOMO-LUMO gap for stellated graphs of alkanes is at most 1.3. 

Theorem 5.2. Let G be a connected corona graph. Then — 1 < Al(G) < 0 < Xh{G) < 1. 


Proof. Let G be the corona of a connected graph H. Then G has a unique Sachs subgraph which 
is a perfect matching M. By Theorem 13.61 G has an inverse (G“^,cr) and G is isomorphic to G~^. 
For an edge ij G E{G~^), a{ij) = —1 if ij ^ M and a{ij) = 1 if ij G M. Since G~^ is also a corona 
graph, every edge ij G M is incident with a vertex of degree-1. 

Let A be the adjacency matrix of {G~^,a). A similar argument as the proof of Theorem 15.11 
shows that Ai(G“^,cr) > 1. 

For the upper bound of A„(G“^,cr), let x be the vector such that Xi = 1 it i G V(H) and Xi = —1 
if f G V{G)\V{H). Note that all vertices in V{G)\V{H) has degree 1. Hence 


Xn{G-\a) < 


(Ax, x) 


\V{G)\ 


-2|G(G)| ^ 
|U(G)| - 


( 6 ) 


The last inequality in (6) holds if and only if G is a K 2 . (Otherwise it will be —3/2.) 

By Proposition 14.11 and Corollary 14.61 we have Ap(G) = l/Ai(G“^,cr) < 1 and Xl{G) = 
1/A(G“^, cr) > —1. This completes the proof. □ 


Acknowledgement 

The research was supported by the Welch Foundation of Houston, Texas (grant BD-0894). Some of 
the research was conducted while the first author was visiting Texas A&M University at Galveston. 


References 

[ 1 ] R.B. Bapat and E. Ghorbani, Inverses of triangular matrices and bipartite graphs, Linear 
Algebra App. 447 (2014) 68-73. 

[2] D. Cvetkovic, 1. Gutman and S. Simic, On self-pseudo-inverse graphs, Univ. Beograd. Publ. 
Elektrotehn. Fak. Ser. Mat. fiz. 602-633 (1978) 111-117. 


16 







[3] R. Donaghey and L.W. Shapiro, Motzkin numbers, J. Combin. Theory Ser. A 23 (1977) 291-301. 

[4] O. Favaron, Irredundance in inflated graphs, J. Graph Theory 28 (2) (1998) 97-104. 

[5] P.W. Fowler and T. Pisanski, HOMO-LUMO maps for chemical graphs, MATCH Commun. 
Math. Comput. Chem. 64 (2010) 373-390. 

[6] K.A. Germina, S. Hameed K and T. Zaslavsky, On product and line graphs of signed graphs, 
their eigenvalues and energy, Linear Algebra Appl. 435 (2011) 2432-2450. 

[7] C.D. Godsil, Inverses of trees, Combinatorica 5 (1985) 33-39. 

[8] C.D. Godsil and B. Mckay, Some computational results on the spectra of graphs. In: Combina¬ 
torial Mathematics IV (L.R.A Casse and W.D Wallis ed.), Lecture Notes in Math. 560 (1976) 
73-92. 

[9] 1. Gutman and D. Rouvray, An approximate topological formula for the HOMO-LUMO sepa¬ 
ration in alternate hydrocarbons, Chem. Phys. Lett. 62 (1979) 384-388. 

[10] F. Harary, The determinant of the adjacency matrix of a graph, SIAM Rev. 4 (1962) 202-210. 

[11] F. Harary and H. Mine, Which nonnegative matrices are self-inverse? Math. Mag. 49 (2) (1976) 
91-92. 

[12] D.J. Klein, Treediagonal matrices and their inverses. Linear Algebra Appl. 42 (1982) 109-117. 

[13] D.J. Klein and C.E. Larson, Eigenvalues of saturated hydrocarbons, J. Math. Chem. 51 (2013) 
1608-1618. 

[14] D.J. Klein and A. Misra, Minimally Kekuleniod 7r-networks and reactivity for acyclics, Croatica 
Chem. Acta 77 (1-2) (2004) 179-191. 

[15] D.J. Klein, Y. Yang and D. Ye, HOMO-LUMO gaps for sub-graphenic and sub-buckytubic 
species, Proc. R. Soc. A, accepted. 

[16] J.H. Koolen and V. Moulton, Maximal energy graphs, Adv. Appl. Math. 26 (2001) 47-52. 

[17] L. Lovasz, Combinatorial Problems and Exercises, North-Holland, Amsterdam, 1979. 

[18] L. Lovasz and M.D. Plummer, Matching Theory, AMS Chelsea Publishing, 2009. 

[19] C. McLeman and E. McNicholas, Graph invertibility, Graphs Combin. 30 (2014) 977-1002. 

[20] B. Mohar, Median eigenvalues and the HOMO-LUMO index of graphs, J. Combin. Theory Ser. 
B 112 (2015) 78-92. 

[21] B. Mohar, Median eigenvalues of bipartite subcubic graphs, Combin. Probab. Comput., In 
press. 

[22] B. Mohar, Median eigenvalues of bipartite planar graphs, MATCH Commun. Math. Comput. 
Chem. 70 (2013) 79-84. 

[23] B. Mohar and B. Tayfeh-Rezaie, Median eigenvalues of bipartite graphs, J. Alg. Combin., 
submitted. 

[24] T. Shirai, The spectrum of infinite regular line graphs, Trans. Am. Math. Soc. 352 (1) (2000) 
115-132. 

[25] R. Simion and D. Cao, Solution to a problem of C.D. Godsil redarding bipartite graphs with 
unique perfect matching, Combinatorica 9 (1989) 85-89. 


17 



[26] J.J. Sylvester, On an application of the new atomic theory to the graphical representation of 
the invariants and covariants of binary quantics, with three appendices, Am. J. Math. 1 (1878) 
64-104. 

[27] T. Zaslavsky, Signed graphs, Discrete Appl. Math. 4 (1982) 47-74. 

[28] T. Zaslavsky, Signed graphs and geometry, (2013), http://arxiv.org/abs/1303.2770, 

[29] T. Zaslavsky, A mathematical bibliography of signed and gain graphs and allied areas. Electron. 
J. Combin. 8 (1998) (Vll ed., Dynamic Surveys #DS8, 124pp.). 

[30] F. Zhang and A. Chang, Acyclic molecules with greatest HOMO-LUMO separation. Discrete 
Appl. Math. 98 (1999) 165-171. 


18 


